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Abstract. We study the parity violation in the cosmic microwave background (CMB) bis-
pectrum induced by primordial magnetic fields (PMFs). Deriving a general formula for the
CMB bispectrum generated from not only non-helical but also helical PMFs, we find that
helical PMFs produce characteristic signals, which disappear in parity-conserving cases, such
as the intensity-intensity-intensity bispectra arising from
∑3
n=1 ℓn = odd. For fast numerical
calculation of the CMB bispectrum, we reduce the one-loop formula to the tree-level one
by using the so-called pole approximation. Then, we show that the magnetic anisotropic
stress, which depends quadratically on non-helical and helical PMFs and acts as a source of
the CMB fluctuation, produces the local-type non-Gaussianity. Comparing the CMB bispec-
tra composed of the scalar and tensor modes with the noise spectra, we find that assuming
the generation of the nearly scale-invariant non-helical and helical PMFs from the grand
unification energy scale (1014GeV) to the electroweak one (103GeV), the intensity-intensity-
intensity bispectrum for
∑3
n=1 ℓn = odd can be observed by the WMAP experiment under
the condition that B
2/3
1MpcB1/31Mpc > 2.7 − 4.5nG with B1Mpc and B1Mpc being the non-helical
and helical PMF strengths smoothed on 1 Mpc, respectively.
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ArXiv ePrint: 1202.2847
Contents
1 Introduction 1
2 Statistical properties of non-helical and helical magnetic fields 2
3 CMB bispectrum from non-helical and helical magnetic fields 5
3.1 Formulation 5
3.2 Analysis 10
4 Summary and discussion 13
A Projection tensors 13
1 Introduction
The cosmological parity violation is a key feature of ultra-violet completion of general rela-
tivity and hence a lot of researchers have extracted their signals from several cosmological
phenomena [1–7]. In particular, the effects on the cosmic microwave background (CMB) have
been well-studied and the cosmological parity violation has been verified by analyzing the
non-vanishing cross-correlated power spectra between the intensity (I) and B-mode polariza-
tion (B) anisotropies and those between E-mode (E) and B-mode polarization anisotropies
[8–13]. Furthermore, beyond the linear-order effects, the impacts of the parity violation on
the graviton non-Gaussianities have recently been discussed [14–16]. According to ref. [16],
unlike the parity-conserving non-Gaussianity, the parity-violating one induces the signals
arising from
∑3
n=1 ℓn = odd in the CMB III, IIE, IEE,EEE, IBB and EBB bispectra
and also those coming from
∑3
n=1 ℓn = even in the CMB IIB, IEB,EEB and BBB bispec-
tra. In these correlations, the III bispectrum from
∑3
n=1 ℓn = odd is expected to bring in
the detectable information of the parity violation.
On the other hand, if there exists the primordial magnetic field (PMF), which is a fa-
vored candidate for the seed field of microgauss-level magnetic fields in galaxies and cluster
of galaxies [17–19], their power spectrum may involve the parity-violating component [20–
24]. Like the above non-magnetic cases, this so-called helical PMF induces the characteristic
signals in the CMB IB and EB correlations [25–29]. Although concrete limits on the mag-
nitude of the helical PMF have not obtained yet, these studies imply that the IB and EB
correlations are detectable if helical PMFs have nanogauss-level magnitudes (at the present
time) and these spectra are nearly scale invariant. However, assuming the Gaussianity of the
PMF, the beneficial signals are generated also in the CMB bispectra due to the quadratic
dependence of the CMB fluctuation on the PMF. In the case where only non-helical PMFs
exist, the contributions of PMFs to the primordial non-Gaussianities and the CMB bispectra
have been deeply investigated in refs. [30–39].
In this paper, we newly consider the effects of both non-helical and helical PMFs on the
CMB bispectrum. Based on our computation approach [35–38], we derive a general formula
for the CMB bispectrum induced by the non-Gaussianity of the PMF anisotropic stress
coming from not only non-helical PMFs but also helical ones. Then, we confirm the existence
of the foregoing parity-violating signals such as the III bispectrum from
∑3
n=1 ℓn = odd. By
– 1 –
the pole approximation mentioned in ref. [38], we reduce this formula to a form suitable for
the fast calculation in the case where the non-helical and helical PMFs have the nearly scale-
invariant spectra. In this process, it is shown that the bispectrum of the PMF anisotropic
stresses has the local-type shape even if helical PMFs exist. Computing the CMB III
bispectra composed of the scalar and tensor modes and estimating the signal-to-noise ratio,
we analyze how the helical PMF affects the CMB bispectrum and show how large the PMF
strength is required for the detection of the III signals from
∑3
n=1 ℓn = odd.
This paper is organized as follows. In the next section, we summarize the expressions and
statistical properties of both non-helical and helical PMFs. In section 3, the analytic formulae
and numerical results of the CMB bispectra, and the signal-to-noise ratio are presented. The
final section is devoted to the summary and discussion of this paper. Throughout this paper,
we obey the definition of the Fourier transformation as
f(x) ≡
∫
d3k
(2π)3
f˜(k)eik·x , (1.1)
and the rule that the subscripts and superscripts of the Greek characters and alphabets run
from 0 to 3 and from 1 to 3, respectively.
2 Statistical properties of non-helical and helical magnetic fields
Let us take into account the large-scale primordial magnetic field (PMF), Bb(x, τ), which is
generated in the very early Universe and behaves as a source of the CMB fluctuation, on the
homogeneous background and small perturbative Universe as ds2 = a2[−dτ2 + 2h0bdτdxb +
(δbc + hbc)dx
bdxc]. Here, a and τ denote the scale factor and conformal time, respectively.
Neglecting the effects of the back reaction of the fluid on the evolution of magnetic fields and
considering the flux conservation, the PMF evolves as Bb(x, τ) ∝ 1/a(τ)2. Each component
of the energy momentum tensor composed of the PMF is given by
T 00(x
µ) = − 1
8πa4
B2(x) ,
T 0c(x
µ) = T b0(x
µ) = 0 ,
T bc(x
µ) =
1
4πa4
[
B2(x)
2
δbc −Bb(x)Bc(x)
]
.
(2.1)
The spatial parts in Fourier space are expressed as
T bc(k, τ) ≡ ργ(τ)
[
δbc∆B(k) + Π
b
Bc(k)
]
,
∆B(k) =
1
8πργ,0
∫
d3k′
(2π)3
Bb(k′)Bb(k− k′) ,
ΠbBc(k) = −
1
4πργ,0
∫
d3k′
(2π)3
Bb(k′)Bc(k− k′) ,
(2.2)
where ργ = ργ,0a
−4 is the photon energy density with ργ,0 being its present value. After this,
for simplicity of calculation, we ignore the trivial time-dependence and hence the index can
be lowered by δbc.
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Conventionally, assuming the Gaussianity of the PMF, the power spectrum is expressed
as [25]
〈Ba(k)Bb(k′)〉 = (2π)
3
2
[
PB(k)Pab(kˆ) + iηabckˆcPB(k)
]
δ(k+ k′) , (2.3)
where kˆ is a unit vector, ηabc is the 3D Levi-Civita tensor normalized by η123 = 1, and
Pab(kˆ) ≡ δab − kˆakˆb is a projection tensor coming from the divergence free nature of PMFs.
The first and second terms in the bracket represent non-helical and helical contributions,
respectively. For a mathematical relation:
lim
k′→−k
〈
B(k) ·B(k′)〉 ≥ lim
k′→−k
∣∣∣〈[kˆ×B(k)] ·B(k′)〉∣∣∣ ,
the power spectra of non-helical and helical PMFs obey such a magnitude relation as
PB(k) ≥ |PB(k)| . (2.4)
In order to formulate the CMB bispectrum, it is convenient to use a normalized divergenceless
polarization vector in two circular states, ǫ
(±1)
a , as shown in appendix A. Then, the above
expression changes to
〈Ba(k)Bb(k′)〉 = (2π)
3
2
δ(k + k′)
∑
σ=±1
[PB(k)− σPB(k)] ǫ(σ)a (kˆ)ǫ(−σ)b (kˆ)
=
(2π)3
2
δ(k + k′)
∑
σ=±1
[
PB(k
′)− σPB(k′)
]
ǫ(−σ)a (kˆ′)ǫ
(σ)
b (kˆ
′) . (2.5)
This implies that the second terms of the brackets in the first and second equalities creates
the difference of the magnetic power spectra between two circular states as σ = ±1.
To parametrize the magnetic field strengths, we introduce the quantities smoothed on
r as
B2r ≡ 〈B(x) ·B(x)〉 |r
=
∫
d3k
(2π)3
∫
d3k′
(2π)3
〈
Ba(k)Ba(k
′)
〉
e−r
2(k2+k′2)/2ei(k+k
′)·x , (2.6)
B2r ≡ r| 〈B(x) · [∇×B(x)]〉 ||r
=
∫
d3k
(2π)3
∫
d3k′
(2π)3
r|ik′kˆbηabc
〈
Ba(k)Bc(k
′)
〉 |e−r2(k2+k′2)/2ei(k+k′)·x . (2.7)
Assuming the simple power-law spectra as
PB(k) = ABk
nB , PB(k) = ABknB , (2.8)
the spectral amplitudes are written as
AB =
(2π)nB+5B2r
Γ
(
nB+3
2
)
knB+3r
, |AB| = (2π)
nB+5B2r
Γ
(
nB+4
2
)
knB+3r
, (2.9)
where Γ is the Gamma function and kr = 2π/r. Note that unlike AB , AB can take both
positive and negative values. Equation (2.4) leads to a constraint on the PMF strengths:
|Br/Br| ≤ 0.288 if the PMF spectra have nearly scale invariant shapes as nB = nB = −2.9.
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The PMF anisotropic stress, ΠBab, induces the CMB anisotropy and therefore we require
their bispectrum for the computation of the CMB bispectrum. Considering equation (2.5),
this can be straightforwardly calculated as
〈ΠBab(k1)ΠBcd(k2)ΠBef (k3)〉 = (−4πργ,0)−3
[
3∏
n=1
∫
d3k′n
∑
σn=±1
{
PB(k
′
n)− σnPB(k′n)
}]
×δ(k1 − k′1 + k′3)δ(k2 − k′2 + k′1)δ(k3 − k′3 + k′2)
×1
8
[
ǫ(σ1)a (kˆ
′
1
)ǫ
(−σ1)
d (kˆ
′
1
)ǫ
(−σ3)
b (kˆ
′
3
)ǫ(σ3)e (kˆ
′
3
)ǫ(σ2)c (kˆ
′
2
)ǫ
(−σ2)
f (kˆ
′
2
)
+{a↔ b or c↔ d or e↔ f}] , (2.10)
where kD is the Alfve´n-wave damping length scale [40, 41] as k
−1
D ∼ O(0.1)Mpc and the curly
bracket denotes the symmetric seven terms under the permutations of indices: a↔ b, c↔ d,
or e↔ f . For the sake of avoiding the IR divergence, we limit the range of the PMF spectral
indices as nB, nB > −3.
Like the discussion in ref. [38], if the tilts of the PMF spectra are enough red as nB ∼
nB ∼ −3, the shape of the bispectrum of PMF anisotropic stresses depends strongly on the
behaviors of the integrands at around three poles, namely, k′1, k
′
2, k
′
3 ∼ 0. In this limit, the
bispectrum (2.10) reduces to
〈ΠBab(k1)ΠBcd(k2)ΠBef (k3)〉 ∼ (−4πργ,0)−3δ
(
3∑
n=1
kn
)
αAB
nB + 3
knB+3∗
8π
3
1
8
×

 ∑
σ2,σ3=±1
{PB(k1)− σ3PB(k1)} {PB(k2)− σ2PB(k2)}
×δa,dǫ(σ3)b (kˆ1)ǫ(−σ3)e (kˆ1)ǫ(σ2)c (kˆ2)ǫ
(−σ2)
f (kˆ2)
+
∑
σ1,σ2=±1
{PB(k1)− σ1PB(k1)} {PB(k3)− σ2PB(k3)}
×ǫ(σ1)a (kˆ1)ǫ(−σ1)d (kˆ1)δb,eǫ(−σ2)c (kˆ3)ǫ(σ2)f (kˆ3)
+
∑
σ1,σ3=±1
{PB(k2)− σ1PB(k2)} {PB(k3)− σ3PB(k3)}
×ǫ(−σ1)a (kˆ2)ǫ(σ1)d (kˆ2)ǫ(−σ3)b (kˆ3)ǫ(σ3)e (kˆ3)δc,f
+{a↔ b or c↔ d or e↔ f}] , (2.11)
where k∗ ≡ 10Mpc−1 and α are a cutoff scale of the integrand and a parameter fixing the
uncertainty of the amplitude associated with the approximation, respectively, and we have
evaluated an integral at around each pole by following∫
d3k′
∑
σ=±1
{
PB(k
′)− σPB(k′)
}
ǫ(σ)a (kˆ
′)ǫ(−σ)b (kˆ′) =
αAB
nB + 3
knB+3∗
8π
3
δab . (2.12)
In equation (2.12), due to the summation over σ = ±1, the contribution of the second term of
the bracket vanishes. This implies that the effects of the helical PMF are tiny at around each
pole. From equation (2.11), we can see that the bispectrum of the PMF anisotropic stresses
dominates at the squeezed limit such as k1 ≈ k2 ≫ k3 and has the identical k-dependence to
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the local-type bispectrum of curvature perturbations [42]. Thus, we conclude that with and
without helical PMFs, the shape of the non-Gaussianity associated with the PMF anisotropic
stress is classified into the local-type configuration.
In the next section, we compute the CMB bispectra generated from the non-Gaussianity
of the PMF anisotropic stresses.
3 CMB bispectrum from non-helical and helical magnetic fields
In this section, we investigate the effects of both non-helical (B) and helical (B) PMFs on the
CMB bispectra. At first, on the basis of the formalism presented in refs. [37, 38], we derive
their exact and optimal formulae generated from equations (2.10) and (2.11), respectively.
Next, through numerical computations, we analyze the magnitudes and shapes of the CMB
bispectra and examine whether the parity-violating signals coming from helical PMFs can
be detected or not.
3.1 Formulation
The CMB intensity and two linear polarization fields (X = I,E,B) generated from the
scalar-, vector- and tensor-mode perturbations (Z = S, V, T ) are expanded by the spherical
harmonics as
∆X(Z)(nˆ)
X
=
∑
ℓm
a
(Z)
X,ℓmYℓm(nˆ) , (3.1)
where nˆ is a line-of-sight direction. According to refs. [43, 44], each spherical harmonic
coefficient, a
(Z)
X,ℓm, is given by
a
(Z)
X,ℓm = 4π(−i)ℓ
∫
d3k
(2π)3
T (Z)X,ℓ (k)
∑
λ
[sgn(λ)]λ+xξ
(λ)
ℓm (k) ,
ξ
(λ)
ℓm (k) =
∫
d2kˆξ(λ)(k)−λY ∗ℓm(kˆ) ,
(3.2)
where λ = 0,±1,±2 expresses the helicity of the scalar-, vector- and tensor-mode perturba-
tions, x = 0, 1 discriminates the parity-even (I,E) and -odd (B) fields, and ξ(λ) and T (Z)X,ℓ (k)
are the primordial perturbation and transfer function of each mode, respectively 1.
If there exist large-scale PMFs, their anisotropic stresses generate additional fluctuations
in the CMB. The PMF anisotropic stresses survive and become a source of the gravitational
potential before neutrinos decouple and they are compensated by the neutrino anisotropic
stresses. Thus, gravitational waves and curvature perturbations logarithmically grow even on
superhorizon scales prior to neutrino decoupling and produce the CMB tensor- and scalar-
mode anisotropies at recombination epoch [45–47] 2. In contrast, due to the decaying nature
of the vector potential, the CMB vector-mode anisotropies are induced by not this mechanism
but the vorticities of photons enhanced by the Lorentz force from the PMF anisotropic
1Here, we set 00 = 1.
2Recently, the solution of the curvature perturbation is being reanalyzed by treating the effects in both
the inflationary and the radiation-dominated eras consistently [48, 49]. See however ref. [39].
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stresses [45, 50, 51]. Consequently, we can summarize the scalar-, vector- and tensor-mode
initial perturbations as
ξ(0)(k) ≈ −Rγ ln
(
τν
τB
)
3
2
O
(0)
ab (kˆ)ΠBab(k) ,
ξ(±1)(k) ≈ 1
2
O
(∓1)
ab (kˆ)ΠBab(k) ,
ξ(±2)(k) ≈ 6Rγ ln
(
τν
τB
)
1
2
O
(∓2)
ab (kˆ)ΠBab(k) ,
(3.3)
where O
(0)
ab , O
(±1)
ab and O
(±2)
ab are the projection tensors decomposing into the scalar-, vector-
and tensor-mode variables, respectively, and defined in appendix A. ξ(0) and ξ(±2) correspond
to the curvature perturbation and gravitational wave on superhorizon scales, respectively [45–
47], and depend on the production time of the PMF, τB , the epoch of neutrino decoupling,
τν ≃ 1MeV−1, and the ratio between the energy densities of photons and all relativistic
particles, Rγ ∼ 0.6, for τ < τν . As the upper and lower values of τ−1B , we take the energy
scales of the grand unification (1014GeV) and electroweak symmetry breaking (103GeV),
corresponding to τν/τB = 10
17 and 106, respectively. As T (S)X,ℓ and T (T )X,ℓ , we use the standard
cosmological transfer functions independent of PMFs [43, 52–54] because the evolution of the
cosmological perturbations are little-affected by PMFs posterior to neutrino decoupling [47].
On the other hand, as T (V )X,ℓ , we should use the form including the effects of the PMF on the
cosmological perturbations shown in refs. [45, 50, 51].
Using equation (3.2), the CMB bispectrum is formulated as〈
3∏
n=1
a
(Zn)
Xn,ℓnmn
〉
=

 3∏
n=1
4π(−i)ℓn
∫ ∞
0
k2ndkn
(2π)3
T (Zn)Xn,ℓn(kn)
∑
λn
[sgn(λn)]
λn+xn


×
〈
3∏
n=1
ξ
(λn)
ℓnmn
(kn)
〉
. (3.4)
To obtain the explicit formula for the CMB bispectrum involving the dependence on PMFs,
we have to compute the angular bispectrum of the initial perturbations,
〈∏3
n=1 ξ
(λn)
ℓnmn
(kn)
〉
.
Expanding all angular dependence in the delta functions and the contractions of the projec-
tion tensors and wave number vectors in
〈∏3
n=1 ξ
(λn)
ℓnmn
(kn)
〉
by the spin spherical harmonics
on the basis of appendix A, and expressing the angular integrals of their spherical harmonics
with the Wigner symbols [37], this is obtained as〈
3∏
n=1
ξ
(λn)
ℓnmn
(kn)
〉
=
(
ℓ1 ℓ2 ℓ3
m1 m2 m3
)
(−4πργ,0)−3
∑
LL′L′′
∑
S,S′,S′′=±1
{
ℓ1 ℓ2 ℓ3
L′ L′′ L
}
×
[
3∏
n=1
∫ kD
0
k′2n dk
′
n
]{
PB(k
′
1) + SPB(k
′
1)
}
×{PB(k′2) + S′PB(k′2)}{PB(k′3) + S′′PB(k′3)}
×fS′′Sλ1L′′Lℓ1 (k′3, k′1, k1)f
SS′λ2
LL′ℓ2
(k′1, k
′
2, k2)f
S′S′′λ3
L′L′′ℓ3
(k′2, k
′
3, k3), (3.5)
with
fS
′′Sλ
L′′Lℓ (r3, r2, r1) =
∑
L1L2L3
∫ ∞
0
y2dyjL3(r3y)jL2(r2y)jL1(r1y)
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×(−1)ℓ+L2+L3(−1)L1+L2+L32 I0 0 0L1L2L3I0S
′′−S′′
L31L′′
I0S−SL21L I
0λ−λ
L1ℓ2


L′′ L ℓ
L3 L2 L1
1 1 2


×


− 2√
3
(8π)3/2Rγ ln (τν/τB) (λ = 0)
2
3(8π)
3/2λ (λ = ±1)
−4(8π)3/2Rγ ln (τν/τB) (λ = ±2)
. (3.6)
Here, jl is the Bessel function and the I symbol is defined by
Is1s2s3l1l2l3 ≡
√
(2l1 + 1)(2l2 + 1)(2l3 + 1)
4π
(
l1 l2 l3
s1 s2 s3
)
. (3.7)
The confinement of m1,m2 and m3 to the Wigner-3j symbol
(
ℓ1 ℓ2 ℓ3
m1 m2 m3
)
guarantees
the rotational invariance of the CMB bispectrum. If AB = 0, this is consistent with the
corresponding equation for the non-helical case [35–38]. Note that unlike PB , PB associates
the spin as S, S′, S′′ = ±1. As described in equation (3.8), this differentiates the multipole
configurations of non-helical terms from those of helical ones. Via the summations over
S, S′, S′′, λ1, λ2 and λ3, the CMB bispectrum from non-helical and helical PMFs is explicitly
written as3〈
3∏
n=1
a
(Zn)
Xn,ℓnmn
〉
=
(
ℓ1 ℓ2 ℓ3
m1 m2 m3
)
CZ1CZ2CZ3 (−4πργ,0)−3
∑
LL′L′′
{
ℓ1 ℓ2 ℓ3
L′ L′′ L
}
×
∑
L1L2L3
L′1L
′
2L
′
3
L′′
1
L′′
2
L′′
3
(−1)
∑
3
n=1
Ln+L
′
n+L
′′
n+2ℓn
2 I0 0 0L1L2L3I
0 0 0
L′
1
L′
2
L′
3
I0 0 0L′′
1
L′′
2
L′′
3
×


L′′ L ℓ1
L3 L2 L1
1 1 2




L L′ ℓ2
L′3 L
′
2 L
′
1
1 1 2




L′ L′′ ℓ3
L′′3 L
′′
2 L
′′
1
1 1 2


×
[
3∏
n=1
(−i)ℓn
∫ ∞
0
k2ndkn
2π2
T (Zn)Xn,ℓn(kn)
]
×
∫ ∞
0
A2dAjL1(k1A)
∫ ∞
0
B2dBjL′
1
(k2B)
∫ ∞
0
C2dCjL′′
1
(k3C)
×
∫ kD
0
k′21 dk
′
1
[
PB(k
′
1)Q(e)L′
3
,L2,L
− PB(k′1)Q(o)L′
3
,L2,L
]
jL2(k
′
1A)jL′3(k
′
1B)
×
∫ kD
0
k′22 dk
′
2
[
PB(k
′
2)Q(e)L′′
3
,L′
2
,L′
− PB(k′2)Q(o)L′′
3
,L′
2
,L′
]
jL′
2
(k′2B)jL′′3 (k
′
2C)
×
∫ kD
0
k′23 dk
′
3
[
PB(k
′
3)Q(e)L3,L′′2 ,L′′ − PB(k
′
3)Q(o)L3,L′′2 ,L′′
]
jL′′
2
(k′3C)jL3(k
′
3A)
×8I01−1
L′
3
1L
I01−1L21LI
01−1
L′′
3
1L′
I01−1
L′
2
1L′
I01−1L31L′′I
01−1
L′′
2
1L′′
×23−NSI0|λ1|−|λ1|L1 ℓ1 2 I
0|λ2|−|λ2|
L′
1
ℓ2 2
I
0|λ3|−|λ3|
L′′
1
ℓ3 2
D(e)L1,ℓ1,x1D
(e)
L′
1
,ℓ2,x2
D(e)
L′′
1
,ℓ3,x3
, (3.8)
3Caution about a fact that |λ| is determined by Z, namely, |λ| = 0, 1, 2 for Z = S, V, T , respectively.
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where NS is the number of the scalar modes constituting the CMB bispectrum and
CZ ≡


− 2√
3
(8π)3/2Rγ ln (τν/τB) (Z = S)
2
3(8π)
3/2 (Z = V )
−4(8π)3/2Rγ ln (τν/τB) (Z = T )
. (3.9)
Here, we have introduced the filter functions as
Q(e)L′
3
,L2,L
≡ (δL′
3
,L+1 + δL′
3
,|L−1|)(δL2,L+1 + δL2,|L−1|) + δL′3,LδL2,L ,
Q(o)
L′
3
,L2,L
≡ (δL′
3
,L+1 + δL′
3
,|L−1|)δL2,L + δL′3,L(δL2,L+1 + δL2,|L−1|) ,
D(e)L1,ℓ1,x1 ≡ (δL1,ℓ1−2 + δL1,ℓ1 + δL1,ℓ1+2)δx1,0 + (δL1,ℓ1−1 + δL1,ℓ1+1)δx1,1 ,
(3.10)
which come from the above summations and selection rules of the Wigner symbols [44] and
ensure L′3+L2 = even, = odd and L1+ ℓ1+x1 = even, respectively. Considering these filter
functions and a relation derived from the selection rules as
3∑
n=1
(ℓn + xn) + L2 + L
′
2 + L
′′
2 + L3 + L
′
3 + L
′′
3 = even , (3.11)
we can see that the four terms in equation (3.8), which are composed of an even number of
the helical PMF power spectra and proportional to A3B or ABA
2
B, give the signals under the
condition as
3∑
n=1
(ℓn + xn) = even . (3.12)
These signals can arise from the parity-even CMB bispectrum as〈
3∏
n=1
∆X(Z)(nˆ)
X
〉
=
〈
3∏
n=1
∆X(Z)(−nˆ)
X
〉
, (3.13)
and are produced even in the absence of the helical PMF, namely, AB = 0 [35–38]. On the
other hand, the other four terms in equation (3.8), which are composed of an odd number
of the helical PMF power spectra and proportional to A2BAB or A
3
B, contribute the signals
under the condition as
3∑
n=1
(ℓn + xn) = odd . (3.14)
These signals are due to the parity-odd CMB bispectrum as〈
3∏
n=1
∆X(Z)(nˆ)
X
〉
= −
〈
3∏
n=1
∆X(Z)(−nˆ)
X
〉
, (3.15)
and can not appear unless there exists the helical PMF.
As discussed in ref. [38], equations (3.5) and (3.8) also have the one-loop structure in
terms of multipoles, which is originated from the sexuplicate dependence on the Gaussian
PMFs, and hence the numerical calculation of the CMB bispectrum requires a great deal of
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time. To speed up the numerical computation, we can use the optimal formula generated
from equation (2.11). In the same manner as the formulation of the exact bispectrum (3.8)
[38], we gain the approximate formula for the CMB bispectrum of the scalar and tensor
modes as〈
3∏
n=1
a
(Zn)
Xn,ℓnmn
〉
app
=
[
Rγ ln(τν/τB)
4πργ,0
]3 αAB
nB + 3
knB+3∗
8π
3
∑
L1L2L3
(−1)L1+L2+L32 I0 0 0L1L2L3
×
(
4π
3
)3 ∑
L,L′,L′′
{
L L′ L′′
1 1 1
}
I01−1L11 I
01−1
L′11 I
01−1
L′′11


ℓ1 ℓ2 ℓ3
L1 L2 L3
L L′ L′′


×23−NSI |λ1|0−|λ1|ℓ1L1L I
|λ2|0−|λ2|
ℓ2L2L′
I
|λ3|0−|λ3|
ℓ3L3L′′
×8
∫ ∞
0
y2dy
[
3∏
n=1
(−i)ℓn
∫ ∞
0
k2ndkn
2π2
T (Zn)Xn,ℓn(kn)jLn(kny)
]
×F (Z1Z2Z3) , (3.16)
with
F (SSS) = 3
[{
PB(k1)D(e)L1,ℓ1,x1(δL,0 + δL,2)− PB(k1)D
(o)
L1,ℓ1,x1
δL,1
}
×
{
PB(k2)D(e)L2,ℓ2,x2(δL′,0 + δL′,2) + PB(k2)D
(o)
L2,ℓ2,x2
δL′,1
}
D(e)L3,ℓ3,x3δL′′,2
+
{
PB(k1)D(e)L1,ℓ1,x1(δL,0 + δL,2) + PB(k1)D
(o)
L1,ℓ1,x1
δL,1
}
×D(e)L2,ℓ2,x2δL′,2
{
PB(k3)D(e)L3,ℓ3,x3(δL′′,0 + δL′′,2)− PB(k3)D
(o)
L3,ℓ3,x3
δL′′,1
}
+D(e)L1,ℓ1,x1δL,2
{
PB(k2)D(e)L2,ℓ2,x2(δL′,0 + δL′,2)− PB(k2)D
(o)
L2,ℓ2,x2
δL′,1
}
×
{
PB(k3)D(e)L3,ℓ3,x3(δL′′,0 + δL′′,2) + PB(k3)D
(o)
L3,ℓ3,x3
δL′′,1
}]
, (3.17)
F (SST ) = 6
√
3
[{
PB(k1)D(e)L1,ℓ1,x1(δL,0 + δL,2)− PB(k1)D
(o)
L1,ℓ1,x1
δL,1
}
×
{
PB(k2)D(e)L2,ℓ2,x2(δL′,0 + δL′,2) + PB(k2)D
(o)
L2,ℓ2,x2
δL′,1
}
D(e)L3,ℓ3,x3
+3
{(
PB(k1)D(e)L1,ℓ1,x1(δL,0 + δL,2) + PB(k1)D
(o)
L1,ℓ1,x1
δL,1
)
D(e)L2,ℓ2,x2δL′,2
+D(e)L1,ℓ1,x1δL,2
(
PB(k2)D(e)L2,ℓ2,x2(δL′,0 + δL′,2)− PB(k2)D
(o)
L2,ℓ2,x2
δL′,1
)}
×
{
PB(k3)D(e)L3,ℓ3,x3 − PB(k3)D
(o)
L3,ℓ3,x3
}]
δL′′,2 , (3.18)
F (STT ) = 108
[{
PB(k1)D(e)L1,ℓ1,x1(δL,0 + δL,2)− PB(k1)D
(o)
L1,ℓ1,x1
δL,1
}
×
(
PB(k2)D(e)L2,ℓ2,x2 − PB(k2)D
(o)
L2,ℓ2,x2
)
D(e)L3,ℓ3,x3
+
{
PB(k1)D(e)L1,ℓ1,x1(δL,0 + δL,2) + PB(k1)D
(o)
L1,ℓ1,x1
δL,1
}
×D(e)L2,ℓ2,x2
(
PB(k3)D(e)L3,ℓ3,x3 − PB(k3)D
(o)
L3,ℓ3,x3
)
+3δL,2
{
PB(k2)D(e)L2,ℓ2,x2 − PB(k2)D
(o)
L2,ℓ2,x2
}
×
{
PB(k3)D(e)L3,ℓ3,x3 − PB(k3)D
(o)
L3,ℓ3,x3
}]
δL′,2δL′′,2 , (3.19)
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F (TTT ) = 648
√
3
[{
PB(k1)D(e)L1,ℓ1,x1 − PB(k1)D
(o)
L1,ℓ1,x1
}
×
{
PB(k2)D(e)L2,ℓ2,x2 − PB(k2)D
(o)
L2,ℓ2,x2
}
D(e)L3,ℓ3,x3
+D(e)L1,ℓ1,x1
{
PB(k2)D(e)L2,ℓ2,x2 − PB(k2)D
(o)
L2,ℓ2,x2
}
×
{
PB(k3)D(e)L3,ℓ3,x3 − PB(k3)D
(o)
L3,ℓ3,x3
}
+
{
PB(k1)D(e)L1,ℓ1,x1 − PB(k1)D
(o)
L1,ℓ1,x1
}
D(e)L2,ℓ2,x2
×
{
PB(k3)D(e)L3,ℓ3,x3 − PB(k3)D
(o)
L3,ℓ3,x3
}]
δL,2δL′,2δL′′,2 . (3.20)
Here, D(e)L1,ℓ1,x1 (defined by equation (3.10)) and
D(o)L1,ℓ1,x1 ≡ (δL1,ℓ1−1 + δL1,ℓ1+1)δx1,0 + (δL1,ℓ1−2 + δL1,ℓ1 + δL1,ℓ1+2)δx1,1 , (3.21)
which lead to L1+ ℓ1+x1 = even and = odd, respectively, and the Kronecker delta functions
arise from the selection rules of the Wigner symbols. Note that although the vector modes
have not been considered due to their negligible signals at large scales, we can formulate them
in the same way. These functions and a selection rule as
∑3
n=1 Ln = even ensure that the
signals of the CMB bispectra satisfying
∑3
n=1(ℓn + xn) = even are sourced from the terms
proportional to A3B and ABA
2
B. This is consistent with the discussion in the exact formula
(3.8). Likewise, we can see that the signals under
∑3
n=1(ℓn + xn) = odd are proportional to
only A2BAB. This means that the contribution of A
3
B, which appears in the exact formula
(3.8), is negligible because an integral at around each pole in the bispectrum of the PMF
anisotropic stresses is independent of the helical PMF as seen in equation (2.12).
Through numerical calculations, we confirmed that these optimal formulae reconstruct
the shapes of the CMB bispectra based on exact formula (3.8) if α’s are identical to the
values for the non-helical case [38] as
α =


0.3350 (Z1 = Z2 = Z3 = S)
0.3473 (Z1 = Z2 = S, Z3 = T )
0.3212 (Z1 = S, Z2 = Z3 = T )
0.2991 (Z1 = Z2 = Z3 = T )
. (3.22)
3.2 Analysis
Here, we show the numerical results of the CMB bispectra and signal-to-noise ratio. To calcu-
late the CMB bispectra, we modified the Boltzmann Code for Anisotropies in the Microwave
Background (CAMB) [45, 55] and used the Common Mathematical Library SLATEC [56].
Figure 1 presents the parity-even signals from
∑3
n=1 ℓn = even and parity-odd ones
from
∑3
n=1 ℓn = odd in the reduced intensity-intensity-intensity (III) bispectra of the three
tensor (TTT ), two tensor and one scalar (STT +TST +TTS), and one tensor and two scalar
(SST + STS + TSS) modes defined by
b
(Z1Z2Z3)
III,ℓ1ℓ2ℓ3
≡ (Gℓ1ℓ2ℓ3)−1B(Z1Z2Z3)III,ℓ1ℓ2ℓ3 , (3.23)
where
B
(Z1Z2Z3)
X1X2X3,ℓ1ℓ2ℓ3
≡
∑
m1m2m3
(
ℓ1 ℓ2 ℓ3
m1 m2 m3
)〈 3∏
n=1
a
(Zn)
Xn,ℓnmn
〉
(3.24)
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Figure 1. Absolute values of the CMB III bispectra generated from the TTT (red solid line),
STT + TST + TTS (blue dashed one) and SST + STS + TSS (magenta dotted one) modes as the
function in terms of ℓ3 when the two multipoles are fixed as (ℓ1, ℓ2) = (100, 105). The curves in the
left and right panels correspond to the parity-even and -odd bispectra arising from
∑3
n=1 ℓn = even
and = odd, respectively. The PMF parameters are fixed to B1Mpc = 4.7nG,B1Mpc = 1.35nG, nB =
nB = −2.9 and τν/τB = 1017, and other parameters are identical to the mean values derived from the
WMAP 7-yr data [57]
is the angle-averaged form and
Gℓ1ℓ2ℓ3 ≡
2
√
ℓ3(ℓ3 + 1)ℓ2(ℓ2 + 1)
ℓ1(ℓ1 + 1)− ℓ2(ℓ2 + 1)− ℓ3(ℓ3 + 1)
√∏3
n=1(2ℓn + 1)
4π
(
ℓ1 ℓ2 ℓ3
0 −1 1
)
. (3.25)
The G symbol is identical to I0 0 0ℓ1ℓ2ℓ3 when
∑3
n=1 ℓn = even [16, 58]. Here, we focus on
the signals when multipoles have different values as (ℓ1, ℓ2) = (100, 105) because the CMB
bispectra from
∑3
n=1 ℓn = odd are exactly zero due to their asymmetric nature in the case
where two of three multipoles have identical values [16]. Here, since we have fixed the
strengths and spectral indices of the non-helical and helical PMF as PB(k) = PB(k) is
satisfied, it is natural prediction that the parity-even and -odd III bispectra have almost
same magnitudes in each mode. Actually, however, the parity-odd signals are smaller than
the parity-even ones in each mode because the parity-odd signals are highly damped as three
multipoles approach the similar values. The parity-even signals have same features as those
in the non-helical case [38]: the TTT mode dominates for ℓ3 . 100 due to the Integrated
Sachs Wolfe effect [59] and the bispectra including the scalar modes gradually increase for
ℓ3 & 100 by the acoustic oscillation. In contrast, it is hard to observe these features in the
parity-odd signals due to the damping effects at ℓ1 ∼ ℓ2 ∼ ℓ3 ∼ 100.
Figure 2 shows the signal-to-noise ratios from the parity-even and -odd CMB III bis-
pectra of the TTT , STT + TST + TTS and SST + STS + TSS modes, and their total
bispectrum, respectively 4, given by
(
S
N
)2
=
∑
2≤ℓ1≤ℓ2≤ℓ3≤ℓmax
(∑
Z1Z2Z3
B
(Z1Z2Z3)
III,ℓ1ℓ2ℓ3
)2
σ2ℓ1ℓ2ℓ3
, (3.26)
4We neglect the three scalar mode for its weak signals at ℓ < 500.
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Figure 2. Noise-free signal-to-noise ratios from the parity-even (left panel) and -odd (right one)
CMB III bispectra coming from
∑3
n=1 ℓn = even and = odd, respectively. The “total” line denotes
S/N obtained from the total spectrum of the TTT, STT, TST, TTS, SST, STS and TSS modes,
and the others correspond to S/N ’s coming from each mode. Here, we fix the PMF parameters as
B1Mpc = 1.0nG,B1Mpc = 0.287nG, nB = nB = −2.9 and τν/τB = 1017. The other parameters are
identical to the mean values obtained from the WMAP-7yr data [57].
where σ2ℓ1ℓ2ℓ3 denotes the variance of the bispectrum. Assuming the weakly non-Gaussianity,
this is calculated as
σ2ℓ1ℓ2ℓ3 =
∑
m1m2m3
m′
1
m′
2
m′
3
(
ℓ1 ℓ2 ℓ3
m1 m2 m3
)(
ℓ1 ℓ2 ℓ3
m′1 m
′
2 m
′
3
)〈 3∏
n=1
afidℓnmna
fid
ℓnm′n
〉
= Cfidℓ1 C
fid
ℓ2 C
fid
ℓ3
[
(−1)ℓ1+ℓ2+ℓ3(1 + 2δℓ1,ℓ2δℓ2,ℓ3) + δℓ1,ℓ2 + δℓ2,ℓ3 + δℓ3,ℓ1
]
, (3.27)
where afidℓm and C
fid
ℓ are the fiducial aℓm and power spectrum consistent with the current
observational data. When
∑3
n=1 ℓn = even, this is identical to that derived in refs. [42, 60].
Here, we have neglected the noise other than the cosmic variance. We can find that both
in the parity-even and odd bispectra, the TTT mode dominates over the signals. However,
the scalar mode increasingly affects at intermediate scales, where the tensor mode reaches
a plateau, and will become important at smaller scales. Although we also have taken the
PMF parameters keeping PB(k) = PB(k), the parity-odd signals are small compared with
the parity-even ones. Nevertheless, these signals are precious information to probe the parity
violation of PMFs because these should vanish if B1Mpc = 0 at variance with the parity-
even signals. As discussed in the previous subsection, the CMB III bispectra (x1 = x2 =
x3 = 0) of the scalar and tensor modes from
∑3
n=1 ℓn = odd are asymptotically proportional
to B41MpcB21Mpc[ln(τν/τB)]3. Therefore, from the value of the total signal-to-noise ratio for
ℓmax = 500 described in figure 2 as S/N = 2.236 × 10−4, we can understand that if nB =
nB = −2.9, τν/τB = 1017(106) and B2/31MpcB1/31Mpc > 2.7(4.5)nG, S/N exceeds unity. Since
ℓmax = 500 roughly corresponds to the WMAP-level resolution [42], these conditions are
requirements for the detection of the helical PMF by the WMAP experiment. Due to the
small enhancement of the signal-to-noise ratio at small scales by the scalar modes, we expect
that these conditions will improve slightly by the use of the PLANCK data [61] like the
non-helical case [38].
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4 Summary and discussion
In this paper, we investigated the effects of the parity-violating helical PMF in the CMB bis-
pectrum. At first, following the definition of the helical PMF in ref. [25], we calculated the bis-
pectrum of the PMF anisotropic stresses involving both non-helical and helical PMFs. Then,
through the application of the pole approximation [38], we found that the non-Gaussianity of
the PMF anisotropic stresses closes to the local-type one if the non-helical and helical PMF
power spectra have nearly scale-invariant shapes. In the same manner as our formalism
[37, 38], we formulated the CMB bispectrum generated from not only non-helical but also
helical PMFs. Our formulae showed that the finite signals arise from not only
∑3
n=1 ℓn = even
but also
∑3
n=1 ℓn = odd in the intensity-intensity-intensity bispectrum. The latter signals,
which is asymptotically proportional to B41MpcB21Mpc, never appear unless the helical PMF
exists and hence these are good observables to probe the parity-violating information of the
PMF. Through the numerical computation of the CMB intensity-intensity-intensity bispectra
of the scalar and tensor modes and their signal-to-noise ratios, we found that the parity-odd
signals from
∑3
n=1 ℓn = odd are smaller than parity-even ones from
∑3
n=1 ℓn = even since the
parity-odd signals are highly suppressed in the case where ℓ1 ∼ ℓ2 ∼ ℓ3 due to the asymmetric
nature of the CMB bispectrum. Nevertheless, the computation of the signal-to-noise ratio
provided a fact that if B
2/3
1MpcB1/31Mpc > 2.7 − 4.5nG is satisfied, the parity-odd signals domi-
nate the cosmic variance for ℓ < 500 and it is possible to access the parity-violating nature
of the PMF by the WMAP experiment. Furthermore, the information of the polarizations is
expected to improve this detectability.
This study with ref. [16] gives a motivation to constrain the parity-violating non-
Gaussianities from the observational data by using the signals under
∑3
n=1 ℓn = odd in the
CMB intensity-intensity-intensity bispectrum. In ref. [16], we have shown that the parity-
violating Weyl cubic term produces not the local-type non-Gaussianities but the equilateral-
type ones in the graviton sector and they also induce the CMB intensity-intensity-intensity
bispectrum for
∑3
n=1 ℓn = odd. Therefore, it will become important to constrain the magni-
tude of each-type non-Gaussianity like f localNL , f
equil
NL and f
orthog
NL in the parity-even case [57, 62],
and differentiate between various non-Gaussian sources involving the parity violation. These
considerations remain as future issues.
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A Projection tensors
In this section, we present some useful relations of the projection tensors based on refs. [38,
44]. These are utilized as tools for the formulation of the CMB bispectra (3.8) and (3.16).
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An arbitrary unit vector, a normalized divergenceless vector and transverse-traceless
tensor can be defined by using the spin spherical harmonics as
kˆa =
∑
m
αma Y1m(kˆ) ,
ǫ(±1)a (kˆ) = ∓
∑
m
αma ±1Y1m(kˆ) ,
e
(±2)
ab (kˆ) =
√
2ǫ(±1)a (kˆ)ǫ
(±1)
b (kˆ) ,
(A.1)
with
αma ≡
√
2π
3

−m(δm,1 + δm,−1)i (δm,1 + δm,−1)√
2δm,0

 , (A.2)
whose scalar products are given by
αma α
m′
a =
4π
3
(−1)mδm,−m′ , αma αm
′∗
a =
4π
3
δm,m′ . (A.3)
Then, the divergenceless vector and transverse-traceless tensor obey
kˆaǫ(±1)a (kˆ) = 0 ,
ǫ(±1)∗a (kˆ) = ǫ
(∓1)
a (kˆ) = ǫ
(±1)
a (−kˆ) ,
ǫ(λ)a (kˆ)ǫ
(λ′)
a (kˆ) = δλ,−λ′ (for λ, λ
′ = ±1) ,
e(±2)aa (kˆ) = kˆae
(±2)
ab (kˆ) = 0 ,
e
(±2)∗
ab (kˆ) = e
(∓2)
ab (kˆ) = e
(±2)
ab (−kˆ) ,
e
(λ)
ab (kˆ)e
(λ′)
ab (kˆ) = 2δλ,−λ′ (for λ, λ
′ = ±2) .
(A.4)
Using the divergenceless vector, a projection tensor in equation (2.3) and a unit vector
are expressed as
Pab(kˆ) =
∑
σ=±1
ǫ(σ)a (kˆ)ǫ
(−σ)
b (kˆ) ,
kˆc = iηabcǫ
(+1)
a (kˆ)ǫ
(−1)
b (kˆ) .
(A.5)
These relations lead to equation (2.5)
The projection tensors, which are expanded by the spin spherical harmonics as
O
(0)
ab (kˆ) ≡ −kˆakˆb +
1
3
δab
= −2I01−1211
∑
Mmamb
Y ∗2M (kˆ)α
ma
a α
mb
b
(
2 1 1
M ma mb
)
,
O
(±1)
ab (kˆ) ≡ kˆaǫ(±1)b (kˆ) + kˆbǫ(±1)a (kˆ)
= ±2
√
3I01−1211
∑
Mmamb
∓1Y ∗2M (kˆ)α
ma
a α
mb
b
(
2 1 1
M ma mb
)
,
O
(±2)
ab (kˆ) ≡ e(±2)ab (kˆ)
= 2
√
3I01−1211
∑
Mmamb
∓2Y ∗2M (kˆ)α
ma
a α
mb
b
(
2 1 1
M ma mb
)
,
(A.6)
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decompose an arbitrary physical tensor such as the metric or the PMF anisotropic stress into
the two scalar (χiso, χ
(0)), two vector (χ(±1)) and two tensor (χ(±2)) components:
χab(k) = −1
3
χiso(k)δab + χ
(0)(k)O
(0)
ab (kˆ)
+
∑
λ=±1
χ(λ)(k)O
(λ)
ab (kˆ) +
∑
λ=±2
χ(λ)(k)O
(λ)
ab (kˆ) . (A.7)
Here, I01−1211 =
√
3/(8π) is given by equation (3.7). Considering equation (A.4), we can derive
the inverse formulae as
χ(0)(k) =
3
2
O
(0)
ab (kˆ)χab(k) ,
χ(±1)(k) =
1
2
O
(∓1)
ab (kˆ)χab(k) ,
χ(±2)(k) =
1
2
O
(∓2)
ab (kˆ)χab(k) .
(A.8)
These are used in the calculation of the each-mode initial perturbation (3.3).
Finally, we describe other useful expressions for computation of the CMB approximate
bispectrum (3.16) as
O
(0)
ab (kˆ)ǫ
(σ)
b (kˆ) =
1
3
ǫ(σ)a (kˆ) ,
e
(λ)
ab (kˆ)ǫ
(σ)
b (kˆ) =
√
2ǫ
(λ
2
)
a (kˆ)δσ,−λ
2
,
ǫ(σ)a (kˆ)ǫ
(−σ)
b (kˆ) = −
∑
L
I0−σσL11
∑
Mmamb
Y ∗LM(kˆ)α
ma
a α
mb
b
(
L 1 1
M ma mb
)
.
(A.9)
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